Recently Feinberg et al. [6] established results on continuity properties of minimax values and solution sets for a function of two variables depending on a parameter. Such minimax problems appear in games with perfect information, when the second player knows the move of the first one, in turn-based games, and in robust optimization. Some of the results in [6] are proved under the assumption that the multifunction, defining the domains of the second variable, is A-lower semi-continuous. As shown in [6], the Alower semi-continuity property is stronger than lower semi-continuity, but in several important cases these properties coincide. This note provides an example demonstrating that in general the A-lower semi-continuity assumption cannot be relaxed to lower semi-continuity.
{s ∈ S : f (s) ≤ λ}, λ ∈ R, are compact in S. A function f : S ⊂ S → R is called sup-compact on S, if −f is inf-compact on S.
Let X and Y be nonempty sets. For a multifunction Φ : X → 2 Y , let Dom Φ := {x ∈ X : Φ(x) = ∅}. A multifunction Φ : X → 2 Y is called strict if Dom Φ = X, that is, Φ : X → S(Y) or, equivalently, Φ(x) = ∅ for each x ∈ X. For Z ⊂ X define the graph of a multifunction Φ : X → 2 Y , restricted to Z:
Gr Z (Φ) = {(x, y) ∈ Z × Y : x ∈ Dom Φ, y ∈ Φ(x)}.
When Z = X, we use the standard notation Gr(Φ) for the graph of Φ : X → 2 Y instead of Gr X (Φ).
Basic definitions and facts
Let X, A and B be metric spaces, Φ A : X → S(A) and Φ B : Gr(Φ A ) ⊂ X × A → S(B) be multifunctions, and f : Gr(Φ B ) ⊂ X×A×B → R be a function. Define the worst-loss function
f(x, a, b), (x, a) ∈ Gr(Φ A ), f(x, a, b),
and the solution multifunctions
Φ * B (x, a) := b ∈ Φ B (x, a) : f ♯ (x, a) = f(x, a, b) , (x, a) ∈ Gr(Φ A ). (4) Formulae (1-4) describe the value functions and solution multifunctions for one-step zero-sum games with perfect information, where X is the state space, A and B are the action sets of Players I and II respectively. Player I knows the state x and selects an action from the set Φ A (x). Player II knows the state x and the move a chosen by Player I and selects an action b from the set Φ B (x, a). Then Player I pays Player II the amount f(x, a, b). Turn-based games can be usually reduced to games with perfect information. These formulae also describe a model for robust optimization. In this case the goal is to choose an action a to minimize possible losses f(x, a, b) under the worst possible outcome of the uncertain parameter b.
Natural continuity properties of functions (1,2) and solution multifunctions (3,4) are described in [6] . The results in [6] generalize Berge's theorem and Berge's maximum theorem for possibly noncompact action sets from [5] and [4] to minimax settings. We start with the descriptions of these theorems.
Let X and Y be metric spaces. A set-valued mapping Let Φ : X → 2 Y be a multifunction with Dom Φ = ∅, and u :
First, we formulate two classic facts. 
In particular, according to [6, Lemma 3] , a function u : Gr(Φ) ⊂ X ×Y → R is K-inf-compact on Gr(Φ) in the following two cases: (i) u : Gr(Φ) ⊂ X×Y → R is an inf-compact function; (ii) the assumptions of Berge's theorem (see Theorem 2.1 above) hold. Note that a function f :
The following lemma provides necessary and sufficient conditions for a function to be K-inf-compact. 
if and only if the following two assumptions hold:
(ii) if a sequence {x n } n=1,2,... with values in Dom Φ converges in X and its limit x belongs to Dom Φ, then each sequence {y n } n=1,2,... with y n ∈ Φ(x n ), n = 1, 2, . . . , satisfying the condition that the sequence {u(x n , y n )} n=1,2,... is bounded above, has a limit point y ∈ Φ(x). 
, then the value function v : Dom Φ ⊂ X → R is lower semi-continuous. In addition, the following two properties hold for the solution multifunction According to [6, Lemma 3] described above, Theorem 2.5 is a generalization of Berge's theorem (Theorem 2.1), and Theorem 2.6 is a generalization of Berge's maximum theorem (Theorem 2.2). In particular, Theorem 2.5 is important for inventory control and Markov decision processes; see Feinberg [2] for details. Before the notion of K-inf-compactness was introduced in [5] , Luque-Vásquez and Hernández-Lerma [10] provided an example of a continuous multifunction Φ(x) = Y for all x ∈ X, continuous function u : X × Y → R, such that the function u(x, ·) : Y → R is inf-compact for all x ∈ X, for which the value function v : X → R is not lower semi-continuous. In this example, the function u :
This example is used to construct Example 3.1 below.
Third, we describe the results on continuity properties of minimax values and solution multifunctions from Feinberg et al. [6] . We start with the properties that do not use A-lower semi-continuity of Φ B ; see statements (A,B,C) below. if a sequence {x n } n=1,2,... with values in X converges and its limit x belongs to X, a n ∈ Φ A (x n ) for each n = 1, 2, . . . , and b ∈ Φ B (x, a) for some a ∈ Φ A (x), then there is a sequence {b n } n=1,2,... , with b n ∈ Φ B (x n , a n ) for each n = 1, 2, . . . , such that b is a limit point of the sequence {b n } n=1,2,... .
We recall that a multifunction Φ B : Gr(Φ A ) ⊂ X × A → S(B) is lower semicontinuous, iff for each x ∈ X and a ∈ Φ A (x), for every sequence (x n , a n ) → (x, a) with x n ∈ X, a n ∈ Φ A (x n ), n = 1, 2, . . . , and for every b ∈ Φ B (x, a), there exists a sequence b n ∈ Φ B (x n , a n ) such that b n → b.
As follows from the definitions, an A-lower semi-continuous multifunction Φ B is lower semi-continuous, but the opposite statement is not correct; see Feinberg et al. [6, Example 5] . The following lemma describes two conditions under which a lower semi-continuous multifunction Φ B is A-lower semicontinuous. Case (a) takes place when the first player has compact action sets, and case (b) takes place when decision sets for the second player do not depend on the first variable, as this takes place in games with simultaneous moves; see Jaśkiewicz and Nowak [8, 9] and references therein for the results on stochastic games satisfying these conditions. 
To state the continuity theorems for minimax, we introduce the multifunction Φ A↔B B : X × B → 2 A uniquely defined by its graph,
that is,
. We also introduce the function
According to (5), the following equalities hold:
where proj X×B Gr(Φ B ) is a projection of Gr(Φ B ) on X × B.
We would like to mention that certain continuity properties of f ♯ , v ♯ , and Φ * B do not use A-lower semi-continuity of Φ B . In particular, the following statements hold:
is lower semi-continuous multifunction and f : Gr(Φ B ) ⊂ X×A×B → R is lower semi-continuous function, then 
). Then the following statements hold:
(ii) the minimax function v ♯ : X → R is lower semi-continuous; Feinberg et al. [6, Theorem 8] ; 
Example
In this section we provide an example demonstrating that the assumption that the multifunction Φ B : Gr(Φ A ) ⊂ X × A → S(B) is A-lower semi-continuous cannot be relaxed in each statement of Theorem 2.9 to the assumption that this multifunction is lower semi-continuous.
In the following Example 3.1,
, that is, all the assumptions of Statements (A,B,C) and Theorem 2. and let
, and b ≥ φ B (x, a);
for all x ∈ X, a ∈ Φ A (x), and b ∈ Φ B (x, a). It is obvious that Φ A and Φ B are continuous multifunctions because the constant function x = 0 and the function φ B are continuous.
The multifunction Φ B is not A-lower semi-continuous. Indeed, let x := a := b := 0. Then a ∈ Φ A (x) and b ∈ Φ B (x, a). Let x n := 1 n ց x as n → +∞ and a n := n ∈ Φ A (x n ) = R + for all n = 1, 2, . . . . Then (−1, 1) ∩ Φ B (x n , a n ) = ∅ for each n = 1, 2, . . . . Therefore, b = 0 is not a limit point of any sequence {b n } n=1,2,... with b n ∈ Φ B (x n , a n ), n = 1, 2, . . . , because |b n − b| ≥ 1 for each n = 1, 2, . . . , that is, Φ B is not A-lower semi-continuous.
In view of Lemma 2.4, the function f
) and the function f :
. Therefore, these functions are continuous.
For every pair (x, a) ∈ X × A, the optimal decision for the second player is b = φ B (x, a). Thus, 
This function is continuous, but it is not K-inf-compact on X × A because x n := 1 n ց 0, the sequence f ♯ ( 1 n , n) = 0, n = 1, 2, . . . , is bounded above, and a n := n → +∞ as n → ∞. Thus, the conclusion (i) of Theorem 2.9 does not hold. The function f ♯ was introduced in Luque-Vásquez and Hernández-Lerma [10] . In particular, 
x ∈ X. The conclusions (ii) and (iii) of Theorem 2.9 do not hold because the function v ♯ is not lower semi-continuous at x = 0 and the solution multifunction Φ * A is not upper semi-continuous at x = 0. In this example, all the assumptions of statements (A,B,C) and Theorem 2.9 hold except one: the multifunction Φ B is not A-lower semi-continuous, but it is lower semi-continuous. If the multifunction Φ B were A-lower semicontinuous, then the function f ♯ : Gr(Φ A ) ⊂ X × A → R would be K-infcompact on Gr(Φ A ), the function v ♯ : X → R would be continuous, and the multifunction Φ * A : X → K(A) would be upper semi-continuous; see Feinberg at el. [6, Theorem 13], whose description is provided before the example.
